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TECHNICAL NOTE
Robustness of Viability Controllers
under Small Perturbations!

G. CoLoMBO? AND V. KRIVAN?

Communicated by G. Leitmann
Abstract. In this note, a perturbed control problem with state con-
straints depending on a parameter u is considered. Assuming that, for
a certain value of u, there exists a viability controller, we explicitly
estimate the range of variations of u for which the same controller gives

viable solutions.
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1. Introduction

We consider a constrained control problem,

x'(2) = f (x(2), »(1)), (la)
u() e V(x(1)), (1b)
x(0) ek, : (1c)
x(ty) = x,€K, (1d)

where K is a given closed subset of a finite-dimensional space X and the
set-valued map V(- ) denotes a priori feedback. Relying on the modelled
problem, we may require that either all solutions of (1) starting in K stay
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in K or there exists at least one solution with the same property. In the
first case, K is called invariant; in the second case, it is called viable.
Conditions ensuring invariance or viability for (1) are well known both
for upper and lower semicontinuous feedbacks; see Refs. 1-3. In many
cases, the dynamics as well as the constraints are not known with cer-
tainty, due to some unknown perturbations. We introduce the perturbed
system

x'(1) =f(x(0), v(0) + &, (D), (2a)
WD eV(x() + &), (2b)
x(1) eK(w), (20)
x(to) = xoe K(w), (2d)

where we assume that the noise modelled by &,(-) is bounded, ie.,
¢eP(x), and the set-valued map P,(-) has bounded values, /=1,2.
Moreover, the set of constraints is not fixed, but it depends on an
uncertain parameter #. A nonstochastic approach to robustness in control
problems with disturbances was studied, for example, in Refs. 4 and 5.
We consider the regulation map, i.e., the viability controller for (2),
defined for xeK(u) to be the following set-valued map:

R(x, u):={veV(x) | f(x, v + &) + &€ Txuy(x), for all §ePy(x),l=1,2}.

Let us assume that, for a certain parameter #,, this map has nonempty
values, i.e.,

R(x, uy) # &, for every xeK(u,).

Under adequate regularity assumptions on the dynamics of (2), the above
condition implies the existence of a solution for a fixed set K(u,). Since in
some cases there may be fluctuations in the parameter u around u,, we
are interested to estimate the range of those perturbations which do not
destroy the viability of the set K(u). Moreover, we are interested to know
for which u around u, the regulation map R(x, #) may be obtained from
R(x,uy). To get such an estimate, we will assume that the map f is
Lipschitz and K(u) is given by smooth constraints,

Kw) ={xeR"|g,(x,w) <0,...,g,(x,u) <0}.

Moreover, we assume that a strong tangential condition is satisfied for
K(uy). Our result essentially depends only on the Lipschitz constants
involved and on the bounds on f(-), V(-),g:;(), P,(-). The explicit
form of the estimation given here improves a similar theoretical result of
Ref. 6.
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2. Main Results

We consider the system (2) and we assume that the set K( - ), depend-
ing on the parameter ueR™, is given by v differentiable constraints

K@) ={xeR"|g(x,u) <0,...,g,(x,u) <0}.
For xeR", ueR™, let
Ix,wy={i=1,...,v|g(x,uw =0}

if xeK(u), then I(x, u) denotes the set of active constraints at the point
x e K(u). Taking into account that K( - ) is defined by constraints, we extend
the regulation map R(x, ) to all xedom(¥V) in the following way:

R(x, u) = {ve V(x) | <D.gi(x, u), f(x, v + &) + &) <0,
for every £,€P,, 1 =1,2,iel(x,u)}.
If xeK(u), then it is well known (see Ref. 7, p. 57) that
Txw(x) = {weR" | <D, g(x, u), w) <0, Viel(x,u)}.

Consequently, the above definition of the regulation map agrees with the
one given in the preceding section.
The following is our main result.

Proposition 2.1. Let Q< R”, ¥" = R” be nonempty sets, Q open. Let
f1Qx ¥ - R" be L,-Lipschitz, and let ||f(x,v)|| < B, for every xeQ,
ve? . Let P:Q ~ R, I=1,2 be such that |P,(x)| < Bp, for every xeQ
and V:Q ~ ¥ be L,-Lipschitz. Let g;:R*"xR”"->R,i=1,...,v, be
differentiable functions and let u,€R™, A >0, and € > 0 be such that:

@ U K<

Ju—wo) <A

(b) the vectors {D,g;(x,u) |iel(x,u)} are linearly independent for
all ueR™, |lu —uy| <A, xeK(u);

© “Dgi(xla u) — Dg; (x5, up) ” < Lg’(”-xl — X3 ” + ”’41 — U ||),

for all x;, x,€Q, u;, u,€B(uy, A), i =1,...,v;
(d) ||Dgi(x,w| < B, for all |u—uy|| <A, xeQi=1,...,v;

0g;
ox;

7

(e

(,w|=n>0,

for all |ju—uy| <A, xeQi=1,...,v,j=1,...,n;
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(f) for every x,eK(u,), there exists vye V(x,) such that, for every
i EI (x(h uO)s

{f(xo5 ), Dyg;(xo, Ug) > < —¢; (3)
(8) €>B,(LBp,+ Bp)).
Choose 6 > 0 such that
S<n/(Lg(By+1+1m), d<A,

and set
L=(B,+1)n+1,
M =L(1+2L,8)/(1 — L oL),
r=0(1—L,oL)[(3(1+ L + L, éL)),
and

do:=min{r, [¢ — By(LBp, + Bp }/[By L M(1 + Ly) + BL,(M + 1)]}. (4)

Then, for every ueR™ such that |u — u,| < d,, for every x€K(u), we have
that:

(i) there exists x,eQ such that |x —x|<M|u—u| and
I(x, u) 1= I(x()a ul));

(i) {veV(x)||vo—v| =d(v, V(x)), where v, satisfies (3)}<
R(x, u); consequently, if V(-)=V,
{UE V ‘ <f(x05 U), ngi(an u0)> < —€, ieI(-an uO)} = R(x, u)a

for every |u—u|| <8, xeK(w); therefore, if f(-,V(-)+
P,(-)) + P,(-) is convex-valued and upper semicontinuous, (2)
admits solutions for every |ju — u,| < 8.

Remark 2.1. Note that, from (e), {g) and our choice of 3, it follows that
M < 4+, r >0, ,>0. Note also that (f) and (g) imply R(x,, ) # &.

Remark 2.2. In Proposition 2.1, we may be interested in an optimal
choice of 6 which maximizes J,. For this, we set
r(8) =6(1 — LySL)/(3(1 + L + L,48L)),
ra(8) = € — By(L/Bp, + Bp /By LM(1+ L) + BLy(M + ).
Let
A:=2LL [B, L/1+Ly)+BL,]—B,LL,
B:=L[B L1+ Ly) + B, + B;L, ~3L,Lle — B,(L/Bp, + Br )}
o= —3(1 + L)€ — B,(L/Bp, + Bs )],
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Solving the equation r,(d) = r,(d), we get three solutions, two of which are
positive,

o, = 1/(Ly L),

8,=(—B + /B —440)/(24).

It is easy to see that from (g) it follows that r, is a strictly decreasing
function, while r, has one local maxima for § > 0. Let J; be the point in
which r, is maximized, i.e.,

8y=(2+3L +L?—1—L)[(LL,).

Therefore, if J, < J;, the optimal choice for é is § = ,, while if J, > 4,,
then the optimal choice is § = J;.

Proof of Proposition 2.1. Let #eR™ be such that [@ —uy| <,
yebd(K(@)), and assume that I(y,a) ={1,...,s}, s <v. To prove the
assertion (i), we define the map G: R” x R”" - R* x R™,

G(y’ ll) ==(g1(y5 u)a e ’gs(y5 u)a u)'
Let

ngg,-(y, ) (IDug,-(y, )i 1] )

be the Jacobian matrix of G. In order to show that the possibly multivalued
inverse map G ! is pseudo-Lipschitz around the point (7, #) (see Definition
1, p. 429, Ref. 8), we verify the assumptions of Theorem 4, p. 431, Ref. 8.
Let weR* x R™. By (b), there exists veR* x R” such that w = DG( 7, a)v.
Moreover, we show that v can be chosen such that |jv]) < L|w|. Indeed, by
(b) we may assume that the first s columns of the matrix (D.g;(7, )i,
are linerly independent. Let

0g; s
A(y, u) = (‘*’ (7, u))
axj ij=1
Let us write w = (w*, w") eR°* x R™, v = (v, v"~%, v™) eR* x R*~* x R™, i.e.
w™ = p™, Since

DG(y,u) = [

rank(A(j, 1)) =s <n,
we may assume that v”~°=0. Then,

losl < 4= D |Clwe]| + | Dug | Iw™])-
Hence,

ol <4~ ®|(|D.g |+ 1) + 11 |w].
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From (e), it follows that |A(7, @)| > 1, i.e.,
l4='z, d)] <1/,

hence

lol < Lwl. (6)
Let now (y, u) eQ) x R™ satisfy

Iy =7l + Ju—al <é/2. @

Let us note that (g) implies
Al3>68/3>r=0,>0, M>0.
From (c), we get
[DG(y, u) — DG(F, )| < L,é. 8

For all (y, ¥)eQ x R™ satisfying (7) and for all weR* x R™, there exists
veR” x R™ such that

w=DG(y,up +z,
where

z = DG(7, wv — DG(y, u.
From (6) and (8), it follows that

l2] < Lylol < LyoLw

and by our choice of 6, L, L5 < 1.
From Theorem 4, p. 431, Ref. 8, it follows that G~' is pseudo-
Lipschitz around (7, #); i.e., in particular for every |u — | <r, we have

G0, u) n((7, @) + MrB) # &, )]
d(G~'(0, u) N ((F, @) + MrB), G0, @) " ((7, @) + 3MrB)) < M|ju —i|.
(10)

l

Let us define the set-valued map
u Y(w)={yeR"[g,(y, ) =0,...,g,(y,u) =0}.
Since
Y1) = ngno G710, u),
from (9), (10) it follows that
Y(u) n(7 + MrB) #+ &, for Jlu —uy| <r,
and Y(u) is pseudo-Lipschitz around (, @).
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Since 0, < r, we may choose yy€ Y{(uy) N (J + MrB) such that
|7 = yoll < d(¥Y(@ (7 + MrB), Y(uo) " (7 + 3MrB))
< Mli —uol; (1
since yo€ Y(14y),
I(yo, ) 2{1,...,5}%

thus, the claim (i) is proved.
Let ielI(y, i1). Choose y, as claimed above, and let vye R( y,, 4,) satisfy
(3). Choose any point

5e{V(D) | v —vo| = d(vo, V(7))}-

Then, by the fact that f is Lipschitz, (11), and (c)—(f) we have, for any
éIGPl(_)j), l = 1, 2,

S0+ &) + &4, Digi(9, 8))
<SP0+ 8) + & —f (Do, vo), Dogi(F, 4))
+ {f (P05 Vo), Di8:(¥o, 4o) > + {f (Y5 Vo) Dx8: (7, #) — Dg:( Yo, o) >
<[L/(|7 —yo| + |v —vo| + B»,) + By 1B, —€
+ BL 15 —yoll + 1 — o)
<[L(M(1+Ly)|u—u| + Bp,) + Bp, 1B, — €
+ B L, (M+1)|u—u|
< 6By LM(1+Ly)+ B,Ly(M + 1)} + B, (LBp,+Bp,) —€ <0, (12)
by (4). We proved that e R(7, ii). If V is constant, then v,e R( 7, #). This
concludes the proof of the claim (ii) and Proposition 2.1. g
We now restate Proposition 2.1 in the case K(i,) is invariant.
Corollary 2.1. Let the assumptions of Proposition 2.1 hold. Suppose
that assumption (f) is replaced by
(f) for every xoeK(uy), iel(xy, uy), for every vye V(x,),
it holds that {f(x,, vy), D, g (X, #5) > < —e.
Then, if |u —u,| <3y, R(y,u) = V(y) for any yeK(u). Consequently, if
P,(-) and P,(-) are Lipschitz, then K(u) is invariant.

Proof. Fix [|lii —u,| < &,, and let 7eK(i). Let y, be given by (i) of
Proposition 2.1. Let iel(y,4) and #eV(y). Choose voeV(y,) such that
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|6 —vo|| <Ly |7 — yol- Then, applying the same argument of (12), we
have

<f()7, 7 + 62) + él’ ngi(y—a ﬁ)> < 0,
by our choice of d,. Hence, R(7, ) = V(). O

Example 2.1. Here, we give a simple example which shows how to

use Proposition 2.1. Let us consider the following control system:

¥ =x%+v+4¢

Xy =Xy + 0.

We set x = (x;, x,) and

Vix)=[-3,3],
P(x)=[-1,1],
P2(x) _—__:0’

Kw)=[-1,11 x{—1,1]1 4+, 0), ue[—1,1],

i.e.,
K@) = {x | g1(x, u) <0, ..., ga(x, u) <0},
gix,w)=x,—u—1,
g6, u) =u—~x,—1,
&l u) =x,—1,
ga(xy,u) = —1 —x,.
Let

Q=(-3,3) x(-2,2), v =[-3,73], A=1.

Then, keeping the notations of Proposition 2.1, we set

B =72, Li=2  By=2

L,=0, Bp, =1, By, =0,
L, =0, n=1, é=1.
By choosing v =3 or v = —3, it is easy to see that, for every x e K(0), there

exists ve V(x) such that, fori=1,...,4,

<f(xs U), ngi(xa 0)> < ‘-2== —€.
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Then,

L=M=J2+2, r=1/3G+2)

which gives

So=r=1/(3(3 +/2).

Thus, the same choice of v = 13 provides solutions remaining in K(u), for
all [u| < do.
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